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a b s t r a c t
Using Mundici’s equivalence [D. Mundici, Interpretation of AF C∗-algebras in Łukasiewicz
sentential calculus, J. Funct. Anal. 65 (1) (1986) 15–63] this note generalizes the result of
[R. Cignoli, A. Torrens, The poset of prime l-ideals of an abelian l-group with strong unit, J.
Algebra 184 (2) (1996) 604–612] for prime ideals and polars. Moreover, the generalization
characterizesMV -algebras forwhich every prime ideal is the annihilator of a linear ordered
ideal, and thus gives a negative answer to a problem of [L.P., Belluce, Semisimple algebras
of infinite valued logic and bold fuzzy set theory, Canad. J. Math. 38 (6) (1986) 1356–1379]
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Every Bézout domain Dwith quotient field K gives rise to an abelian group G(D) := K×/D×, lattice-ordered with respect
to divisibility. Therefore, G(D) is called the divisibility group of D. Conversely, Jaffard and Ohm (see [1] and the references
therein) showed that every abelian l-group G can be constructed in this way. In fact, they proved that the group ring k[G]
over any field k admits an l-valuation map v : k[G] → G ∪ {∞}, then v extends to the quotient field k(G) of k[G], and the
l-valuation ring Dv := {a ∈ k(G)|v(a) ≥ 0} is a Bézout domain with G(Dv) ∼= G. An important example for this Jaffard–Ohm
correspondence arises in algebraic number theory, where the ring of algebraic integers is a Bézout domain, while most
fundamental properties of algebraic numbers depend on the corresponding abelian l-group. Furthermore, a special class of
abelian l-groups, unital abelian l-groups, turns out to be categorically equivalent toMV -algebras (see [2]).
An abelian l-group (G,+,≤) is unital if G has a strong unit u, that is, there exists a positive integer n with g ≤ nu for
every element g of G. AnMV -algebra [2] is an abelian monoid (A,+, 0)with an involution map ∗ : A→ A (i. e. (x∗)∗ = x for
all x ∈ A), such that the following axioms are satisfied for all x, y ∈ A: x+0∗ = 0∗, and y+ (y+ x∗)∗ = x+ (x+y∗)∗. For any
x, y ∈ A we write x ≤ y if x∗ + y = 1 := 0∗. Then ≤ induces a partial order [3]. For all n ∈ N and x ∈ A, theMV -operation
nx is inductively defined by 0x := 0, (n+ 1)x := x+ nx.
If (G,+,≤, u) is a unital abelian l-group, then the interval [0, u] can be regarded as an MV -algebra. In fact, Mundici [4]
showed that the functor (G, u) 7→ [0, u] between unital abelian l-groups andMV -algebras is an equivalence. Using this fact,
we will answer a question (see Question 2.5) of Belluce [5] for prime annihilators of MV -algebras. Specifically, Belluce [5,
Theorem 26] showed that the annihilator of a linearly ordered ideal of anMV -algebra is a prime ideal. His question whether
the converse always holds remained open (see Question 2.5). Generalizing the result of Cignoli and Torrens [6] between
the primes of a unital abelian l-group and the primes of its corresponding MV -algebra (see Proposition 2.6), we will give a
negative answer to the question (see Theorem 2.8 and Corollary 2.9).
The relationship betweenMV -algebras and abelian l-groups is given by
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Proposition 1.1 ([4]). Let (G, u) be a unital abelian l-group. Let [0, u] := {x ∈ G | 0G ≤ x ≤ u}, 0 := 0G, x∗ := u − x, and
x + y = u∧G(x+G y). Then 0(G, u) = ([0, u], 0,+ ,∗) is an MV-algebra. For a unital l-group homomorphism θ : (G, u) →
(H, v), the restriction 0(θ) of θ to [0, u] is an MV-homomorphism (i. e. 0(θ) respects the operations +, ∗ and the element 0).
Conversely, every MV-algebra is of this form.
As proved in [4, Theorem 3.9],0 defines a natural equivalence between the category of unital abelian l-groupswith unital
l-group homomorphisms and the category ofMV -algebras.
By an ideal I of anMV -algebra A we mean the kernel I of a homomorphism h of A into someMV -algebra B. An ideal I of
A is prime if I 6= A and a ∧ b ∈ I implies a ∈ I or b ∈ I . An idealM of A ismaximal ifM is a maximal proper ideal.
2. A problem of annihilator primes inMV -algebras
It is known that boolean algebras are the algebras of classical two-valued logic, and that boolean algebras are very
particular cases ofMV -algebras.
Remark 2.1. The distinguishing feature between an MV -algebra and a boolean algebra is the lack of the idempotent law
x+x = x [3]. Therefore, the unital l-group (G, u) corresponding to a boolean algebra A is a subdirect product of subgroups of
the real line, with the constant function 1 as the strong unit. From the semisimplicity of Awe see that (G, u) is archimedean.
It follows that every Bézout domain D with divisibility Jaffard–Ohm l-group (G, u) is completely integrally closed, and its
unit radical is not trivial [7]. Thus D satisfies Krull’s conjecture by [7, Corollary 3.11]. Note that [8] gives a characterization of
(non-commutative) l-group cones in terms of L-algebras, which leads to a much simpler proof of Mundici’s correspondence.
Especially, [8, Theorem 5]1 describes the l-groups correspondents of boolean algebras by means of unique singular strong
unit.
Proposition 2.2 ([6], Thm 1.2 and Cor. 1.3; [2], Thm 7.2.2). Let (G, u) be a unital abelian l-group. The correspondence φ : J 7→
{x ∈ G | |x| ∧ u ∈ J} defines an isomorphism from the poset of ideals of A = 0(G, u) onto the poset of l-ideals of G. The inverse
isomorphism is given by the correspondenceψ : H 7→ H ∩ [0, u]. Furthermore, let Spec(G) be the set of all proper prime l-ideals
of G, and let Spec(0(G, u)) be the set of prime ideals of 0(G, u). Then (Spec(G, u),⊂) ∼= Spec(0(G, u),⊂) as partially ordered
sets.
Recall that anMV -algebra A is hyperarchimedean [9,2] if for each x ∈ A there is an n ∈ N such that nx+ nx = nx; and an
l-group is hyperarchimedean [10] if all of its l-group homomorphic images are archimedean. Belluce [11, Theorem 4] shows
that A is hyperarchimedean if and only if all prime ideals are maximal. On the other hand, [10, Theorem 55.1] states that
an l-group G is hyperarchimedean if and only if every prime subgroup is maximal. Hence, by Proposition 2.2 and Mundici’s
equivalence, we have
Corollary 2.3. An MV-algebra A is hyperarchimedean if and only if the corresponding l-group G with 0(G) ∼= A is
hyperarchimedean.
Let A be anMV -algebra, ∅ 6= X ⊂ A. Recall that the annihilator of X is X⊥ = {a ∈ A | a ∧ x = 0, for all x ∈ X}. Belluce
[5, Theorem 25] states that each annihilator of A is an ideal. Furthermore, [5, Theorem 26] shows
Theorem 2.4. The annihilator of a linearly ordered ideal is a prime ideal.
The question whether the converse always holds remained open (see [5, page 1368, remark following the proof of
Theorem 26]):
Question 2.5. Is it true that every prime ideal of an MV-algebra A can be obtained as an annihilator of a linearly ordered ideal of
A?
Recall that a convex subset C of a lattice L is said to be closed if whenever {ai | i ∈ I} ⊂ C and either ∨ai or ∧ai exists in
L, then ∨ai or ∧ai is an element of C . Using Mundici’s equivalence [4] (cf. Proposition 1.1), Proposition 2.6 generalizes the
result of Cignoli and Torrens [6] (cf. Proposition 2.2). Consequently, we show that Question 2.5 has a positive answer exactly
for those MV -algebras for which every prime ideal is minimal and closed. In particular, this implies a negative answer to
Belluce’s question.
Proposition 2.6. Let P (G) be the poset of polars of a unital l-group (G, u), and let A(0(G)) be the poset of annihilators of
the corresponding MV-algebra 0(G, u). Then there exists an order-preserving one-to-one correspondence between P (G) and
A(0(G)).
1 The author thanks the referee who pointed out the existence of other such characterizations in the literature, prior to [8, Theorem 5].
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Proof. Recall that S⊥G = {g ∈ G | |g| ∧ |s| = 0, ∀s ∈ S} and T⊥0(G) = {a ∈ 0(G) | a∧ t = 0, ∀t ∈ T } for all subsets S and T of
G and 0(G), respectively. Define the maps
ψ : S⊥ 7→ S⊥ ∩ [0, u],
and
φ : T⊥ 7→ {g ∈ G | |g| ∧ u ∈ T⊥}.
Then it is easily seen that bothψ and φ are order-preserving. Furthermore,ψ(S⊥G ) ∈ A(0(G)), in fact, let |S| = {|s| | s ∈ S},
we get
ψ(S⊥G ) = S⊥G ∩ [0, u]
= {g ∈ 0(G) | g ∧ |s| = 0, ∀s ∈ S}
= {g ∈ 0(G) | g ∧ |s| ∧ u = 0, ∀s ∈ S}
= (|S| ∩ [0, u])⊥
= |S|⊥0(G).
Analogously, we can prove that φ(T⊥0(G)) = T⊥G ∈ P (G). Finally, it is straightforward to verify that ψφ(T⊥0(G)) = T⊥0(G) and
φψ(S⊥G ) = S⊥G . This completes the proof. 
The following result is a generalization of Belluce’s Theorem 2.4.
Proposition 2.7. A convex sub-MV-algebra I of an MV-algebra A is totally ordered if and only if I⊥ is a prime ideal.
Proof. The proof follows from Propositions 2.2 and 2.6, together with [10, Theorem 19.1]. The latter states that a convex
l-subgroup S of an l-group is totally ordered if and only if S⊥ is a prime subgroup. 
Theorem 2.8. Each prime ideal of an MV-algebra A can be obtained as an annihilator of a linearly ordered ideal of A if and only
if A is hyperarchimedean and every element in Spec(A) is closed.
Proof. Suppose A = 0(G, u) is a hyperarchimedean MV -algebra and every element of Spec(A) is closed. Then G is a
hyperarchimedean l-group and each element p in Spec(G) is closed, by Corollary 2.3, Proposition 2.2, and the property
that a hyperarchimedean l-group G with trivial ∩Spec(G) is completely distributive (see [10, pp. 129–131]).2 Now every
closed convex l-subgroup of an archimedean l-group must be a polar: as a matter of fact, by [10, Theorem 53.6] an l-group
H is archimedean if and only if every closed convex l-subgroup of H is a polar. The latter property holds a fortiori for every
hyperarchimedean l-group. In particular, p is a polar of a totally ordered convex l-subgroup. Therefore, every prime ideal of
A can be obtained as an annihilator of a linearly ordered ideal of A, by Propositions 2.6 and 2.7.
Conversely, assume that each prime ideal of A can be obtained as an annihilator of a linearly ordered ideal of A. From
Theorem 2.4 it follows that the annihilator of a linearly ordered ideal is a prime ideal. By Propositions 2.2 and 2.7, jointly
with [10, Theorems 13.1, 53.6 and 53.17, and Proposition 21.11] we obtain that each prime ideal of A is minimal and closed,
and thus A is hyperarchimedean and every p ∈ Spec(A) is closed, as desired. In fact, [10, Theorem 13.1] shows that every
polar is a convex l-subgroup, [10, Proposition 21.11] proves that every polar is closed, and [10, Theorem 53.17]) implies that
a polar p of an l-group is a prime subgroup if and only if p is maximal. 
Corollary 2.9. Question 2.5 has a negative answer in general.
Proof 1. As is well known, not all unital l-groups are hyperarchimedean. Hence, by Corollary 2.3 and Theorem 2.8 there
exists anMV -algebra A with a prime ideal which is not an annihilator of any linearly ordered ideal of A. 
As is well known, the maximal spectral space of any MV -algebra is compact. Following a standard terminology (used,
among others, by Bourbaki) a topological space X is said to be quasi-compact if every open cover of X has a finite subcover.
Letting the adjective ‘‘compact’’ in [9] be understood as quasi-compact, Corollary 2.9 has the following alternative proof:
Proof 2. The minimal prime spectrum of the MV -algebra of [9, 3, p. 342] is not quasi-compact. Therefore, the MV -algebra
shown in [9, page 342] is not hyperarchimedean. This, together with Theorem 2.8, shows that Question 2.5 has a negative
answer in general. 
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